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Abstract 

We construct a three-dimensional topological sigma model which is induced from a 
generalized complex structure on a target generalized complex manifold. This model is 
constructed from maps from a three-dimensional manifold X to an arbitrary generalized 
complex manifold M. The theory is invariant under the diffeomorphism on the world 
volume and the 6-transformation on the generalized complex structure. Moreover the 
model is manifestly invariant under the mirror symmetry. 

We derive from this model the Zucchini's two dimensional topological sigma model 
with a generalized complex structure as a boundary action on dX. As a special case, 
we obtain three dimensional realization of a WZ-Poisson manifold. 
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1 Introduction 



A generalized complex structure is introduced by Hitchin [1] to unify the complex and sym- 
plectic geometry, and studied in detail by Gualtieri in [2]. 

It is found that Geometry of the N = (2, 2) supersymmetric sigma model [3] has been 
formulated by a generalized Kahler geometry, which is a generalization of Kahler geometry 
to a generalized complex geometry. Noncommutative deformation oi N — 2 supersymmetric 
sigma model on a Calabi-Yau manifold and its topological twisted sigma model can be de- 
scribed in terms of a generalized complex structure [4] [5] . [6] [7] [8] [9] have studied a realization 
of a generalized complex structure hj N — (2, 2) supersymmetric sigma model and a topo- 
logical sigma model. In [10] [11] [12], it has been investigated that the supersymmetric SU{3) 
manifolds are generalized Calabi-Yau manifolds. Since mirror symmetry is correspondence 
of complex and symplectic manifolds, the generalized complex geometry is considered as a 
natural framework of mirror symmetry. Mirror symmetry on a generalized complex geometry 
is investigated in [13] [14] [15]. The relation of the generalized complex structure with the 
supersymmetric Poisson sigma model has been discussed in [16]. 

In this paper, we propose a realization of a generalized complex structure by a three 
dimensional topological sigma model (a topological membrane). 

We consider that a three dimensional topological field theory is a natural framework to 
analyze a generalized complex structure. Since mirror symmetry exchange A model and 
B model, it seems to be natural that the model with a generalized complex structure has 
M-theoretic, or membrane theoretic realization. Integrability condition of a generalized com- 
plex structure is defined by a Courant bracket [17]. On the other hand, three dimensional 
topological sigma model naturally has a Courant algcbroid structure [18] [19]. We will find 
that a 3-form if in a twisted generalized complex structure is naturally introduced in three 
dimensional topological sigma model. 

Recently, Zucchini has constructed a two-dimensional topological sigma model induced 
from a target generalized complex structure as a generalization of a Poisson sigma model [20] . 
However a generalized complex structure is a sufficient but not necessary condition in his 
model. Our model solves this nonequivalence. Moreover we consider a direct relation of our 
model with the Zucchini's model. If we consider a three dimensional world volume X with a 
two dimensional boundary S = dX, we can derive the Zucchini action as a boundary action 
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on E of our model on X. As a special case, we can realize a WZ-Poisson sigma model [21] as 
a boundary action of a three dimensional topological sigma model. 

The paper is organized as follows. In section 2, we summarize about a generalized complex 
structure. In section 3, we define a model induced from a generalized complex structure. We 
propose an action of a three dimensional topological sigma model with a generalized complex 
structure. We also consider the action with a twisted generalized complex structure. In 
section 4, we analyze the relation with the 3D nonlinear gauge theory. In section 5, we derive 
the Zucchini's two dimensional model with a generalized complex structure as a boundary 
action of our model. Section 6 is conclusion and discussion. 



2 Generalized Complex Structure 

In this section, we summarize a generalized complex structure, based on description of section 

3 in [7] and section 2 in [20]. 

Let M be a manifold of even dimension d with a local coordinate {0'}. We consider 
the vector bundle TM ® T*M. We consider a section X + ^ e C°°{TM T*M) where 

X e C°^{TM) and ^ G C°^{T*M). 

TM © T*M is equipped with a natural indefinite metric of signature (d, d) defined by 

(X + e,y + r7) = ^(ixr? + iyO, (1) 

for X + ^, y + 77 e C°°{TM © T*M), where iy is an interior product with a vector field V. 
In the Cartesian coordinate (9/9^*, o?0'), we can write the metric as follows 

We define a Courant bracket on TM © T*M, 

[X + C,Y + r)]^ [X, Y] + CxV - >Cy^ - ^dMiixV - ivO, (3) 

with X + ^,Y + rj e C°°{TM © T*M), where Cy denotes Lie derivation with respect a vector 
field V and dM is the exterior differential of M. This bracket is antisymmetric but do not 
satisfy the Jacobi identity. We may define a so called Dorfman bracket as follows 

(X + o (r + 77) = [X, Y] + Cxf] - lydi, (4) 
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which satisfies the Jacobi identity but is not antisymmetric. Antisymmetrization of a Dorfman 
bracket coincides with a Courant bracket. 

A generahzed almost complex structure J is a, section of C°°(End(TM ® T*M)), which 
is an isometry of the metric ( , ) , J*ZJ — X, and satisfies 

J' = -1. (5) 
A 6-transformation is an isometry defined by 

exp(6)(X + 0=^ + e + «x&, (6) 

where b e C°°{a'^T*M) is a 2-form. A Courant bracket is covariant under the 6-transformation 

[exp(6)(X + 0, exp(6)(r + rj)] = exp(6)[X + + v], (7) 

if the 2-form b is closed. The 6-transform of is defined by 

J = exp(-fo)J^exp(6). (8) 

J has the eigenbundles. Therefore we need complexification of TM®T*M, {TM® 

T*M) (g) C. The projectors on the eigenbundles are constructed by 

n± = i(iTV^J). (9) 

The generalized almost complex structure J is integrable if 

n^[n±(x + o,n±(y + 77)] = o, (lo) 

for any {X + $),{Y + r]) e C^{TM®T*M), where the bracket is the Courant bracket. Then 
J is called a generalized complex structure. Integrability is equivalent to the single statement 

Ar(X + e,r + r^) = 0, (11) 

for all X + y + 77 e C°°{TM © T*M), where N is the generalized Nijenhuis tensor defined 

by 

N{X + C,Y + r]) = [X + ^,Y + r]]-[JiX + 0,J{Y + v)] + J[JiX + 0,Y + r]] 

+J[X + ^,J{Y + n)]. (12) 
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The 6-transform J" of a generahzed complex structure ^7 is a generalized complex structure 
if the 2-form b is closed. 

We decompose a generalized almost complex structure in coordinate form as follows 

^^(q -j-)' '''' 

where J E C^{TM ® T*M), P G C^{^^TM), Q G C°°{A'^T*M). 
Then the condition J"^ = — 1 is as follows: 

Qife A- + QikJ\ = 0, (14) 

where 

pij + pji ^ 0, 

Qij + Qji = 0. (15) 
The integr ability condition (10) is equivalent to the following condition 

where 

j^ijk ^ p'^diP^'^ + p^^diP^' + p'^^diP'^, 

Bi^' = j\diP^'' + P'\diJ''i-diJ'i) + P''diPi-diPiP''', 
Cij'^ — j\diJ^ j — jdiJ^i — J^idiJ^ j + J^idjJ^i 

+P'\diQ,,+d,Qji + djQu), 
T^ijk = J''i{diQjk + dkQij) + J''j{diQki + diQik) 

''rJ''k{9iQij + djQii) — QjidiJ\ — Qki9jJ\ — QudkJ^j- (17) 

Here di is a differentiation with respect to 0*. The 6-transform is 

pij — pij 

Qij = Qij + hkJ'^j — bjkJ^i + P'^''bkibij. (18) 
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where bij + bji = 0. 

The usual complex structures J is embedded in generalized complex structures as the 
special form 

^-{l -]■)■ <^'" 

Indeed, one can check this form satisfies conditions, (14) and (16) if J is a complex structure. 
Similarly, the usual symplectic structures Q is obtained as the special form of generalized 
complex structures 

This satisfies (14) and (16) when Q is a symplectic structure, i. e. it is closed. Other exotic 
examples exist. There exists manifolds which cannot support any complex or symplectic 
structure, but admit generalized complex structures. 

The Courant bracket on TM ®T*M can be modified by a closed 3-form. Let H e 
C°°{/\^T*M) be a closed 3-form. We define the H twisted Courant brackets by 

[X + i,Y + ri\H^[X + i,Y + ri\+ ixiyH, (21) 

where X + ^,Y + r) e C°°{TM © T*M). Under the 6-transform with b a closed 2-form, 

[exp(6)(X + e), exp(6)(F + r;)] = exp(6)[X + i,Y + ri\, (22) 

holds with the brackets [ , ] replaced by [,]//. For a non closed 6, one has 

[exp(6)(X + 0, exp(6)(y + r,)]H-dMh = exp(6)[X + ^ + (23) 

So, the 6-transformation shifts H by the exact 3-form dMb: 

H = H - dMb. (24) 

One can define an H twisted generahzed Nijenhuis tensor A^^^^ as follows 

N{X + ^,Y + rj) = [X + C,Y + rj]H-[J{X + 0,J{Y + rj)]H + J[J{X + 0,Y + rj]H 

+J[X + ^,J{Y + ri)]H, (25) 
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by using the brackets [,]h instead of [,]. A generalized almost complex structure J is H 
integrable if 

7V^(X + e,y + r7) = 0, (26) 

for all X + ^, r + 7; e C°°{TM © T*M). Then we call J an H twisted generahzed complex 
structure. 

The H integrability conditions is obtained as 

Ah''" = Bm'" = Cmj' = Vnijk = 0, (27) 

where 

Ck p k jl pkm TT _i_ 7' pkm tt 

T^Hijk — T^ijk — Hijk + J\J^ jHkim + jJ^kHum + J^kJ^iHjlm- (28) 

3 Action and Symmetry 

Let X be a three-dimensional manifold and M be a target manifold of a smooth map : X — > 
M with local coordinate expression {</>*}. We also have a vector bundle TM © T*M over M. 

We introduce A' as a section of T*X ® (j)*{TM), and Bu as a section of T*X O (j)*{T*M). We 
further introduce i?2j as a section of A^T*X (g) (j)*{T*M). 

We propose the following action induced from a generalized complex structure: 

S — Sq-\- Si] 

So= f -B2id(j)' + BudA\ 
Jx 

S^= [ -J%B2iA^ - P'^B2iBii + -^^A'A^A^ 
Jx ' ' 2 (90* 

(29) is represented as 

Sq^ I -(0 + ^2, ci(0 + 0)) + ^(^ + 5i, (i(^ + 5i)) + total derivative, 

r 1 (97 

^1 = J^-{0 + B2,J{A + B,))--{A + Bi,A^-^^{A + B,)). (30) 



7 



We can confirm that if J, P and Q are components of a generalized complex structure (13), 
the action (29) is invariant under the following gauge transformation 



5(1)' = J'jc' + P'Hij, 



(F) P f) P \ apki 



dQjk , dQki , dQ 



>3 



(Pi jk f) \ F)Pi^ 



5B2i = dt2i -^^{B2jC^ + t2jA'^) -Q^{B2jtik + t2jBik) 

+ 2 90^^^^'^''^''^''^''^"^' ^^^^ 

where c' and are 0-form gauge parameters, and t2i is a 1-form gauge parameter. We call 
this model the three dimensional generalized complex sigma model. Precisely speaking, the 
action (29) is gauge invariant if and only if the condition 



1^ + {ijkl cyclic) = 0, (32) 



dVijk 



90' 
is satisfied. 

We can extend the model in case of a twisted generalized complex structure H 0. We 
define the following action as a three dimensional topological field theory induced from a 
twisted generalized complex structure: 

Sh — Sho + Shi', 

Sho = [ -B2^d<P' + B^,dA\ 
Jx 

Sm = -rjB2iA^ - P''B2iB,j + ^ i^j\H,ki + ^) A'A^A^ 

+1 {-P^'Hi.i - ^ + ^1 A'A^B^k + -^A'B^.B^k- (33) 
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We call this model a three dimensional twisted generalized complex sigma model. (33) is 
written as 

So= [ -(0 + B2, dU + + -iA + Bi, diA + Bi)) + total derivative, 
Jx 2 

Si^ f -{0 + B2,J(A + B,)) 

'''^\a + B,)). (34) 



If and only if the condition 



H,,kA'' \ ^ , .id J 







Hijk 



90' 



+ {ijkl cyclic) = 0, 



is satisfied, the action (33) is invariant under the gauge transformation 



(35) 



50^ 
5A' 



5B 



li 



SB2i 



dtii — J\t2j 



I I I dQjk dQki dQij \ Ajk 
J iHjkl + J jHkil + J kHijl H + ^T"^ + ^^TTT I ^ C 



Qpki 



dt2i - 



{A>U), - c>Bik) + -^Bijtik, 

Qpjk 



d 



d(t) 
1 d'^P''^ 



B2jC^ + t2jA^) - -^{B2jtik + t2jBik) 

dQki , dQij ^ ^^^''\ j^jj^k^i 



jm TT I jm TT I jm tt , 
•J j^klm ~r k^ljm ' 'J iJ^ikm ' 



l^jkm 



a jm a jm \ 

' + ^]{A'A%m + 2A^c'^B,J 



{2A^Biktii + ciB,kBu), 



(36) 



2 d(l)'d(l>' 

Wc can obtain (29) as the H = theory in (33). Moreover the action (33) (and (29)) is 
invariant under the 6-transformation (18) and (24) by simple calculation if we define the 
6-transformation on the fields 



A' = A' 
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Bli — Bii + bijA\ 

B2i = - -^A^A\ (37) 

The condition which the action is gauge invariant is not 2?^^^ — but in (32), and T>Hijk — 
but dT>Hijk/d(f)'^ + {ijkl cychc) = in (35). This is because our model is 6-transformation 
invariant and Hij^ has ^-transformation ambiguity (24), that is, H is defined as a cohomology 
class in H^{M) in a (twisted) generahzed complex structure. 

Let us consider mirror transformation in our model. Mirror transform is exchange of the 
complex structure J*j and the symplectic structure P^^ and Qij. 

A simplest mirror transformation mo is exchange 

J'jA^ ^ P'^Bij, 
~J^B,, ^ Q,,A^. (38) 

The action (33) is invariant under this symmetry. 

A general mirror transform m : TM ® T*M TM ® T*M is a Z2 transformation with 

= 1 

m{fjA^ + P'^Bij) = fjA^ + P'^Bij, 

m{-J\B^j + Qi^A^) = -J^B.j + QijA^. (39) 
We can easily confirm that the action (33) is invariant under m. 

4 Derivation from 3D Nonlinear Gauge Theory 

In the paper [22], We have proposed 3D nonhnear BF theory as a general topological field 
theory of Schwarz type in three dimension. A 3D (twisted) generalized complex sigma model 
is a special model of a 3D nonhnear BF theory. 

Let X be a three-dimensional manifold and M be a target manifold of a smooth map 
: X — > M with local coordinate expression {0*}. We also have a vector bundle E over M 
with A" a section of T*X (g) (p*{E). We further introduce Bia as a section of T*X ® (p*{E*) 
and as a section of A'^T*X ® (j)*{T*M). Hereafter, the letters a,b, - ■ ■ represent indices on 
the fiber of E and i,j, ■ ■ ■ represent indices on M and T*M. 
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3D nonlinear BF theory with nonhnear gauge symmetry has the following action 
S — So + Si; 

So= I i-B2id^' + BiadA'') , 

J X 

JX D 

where the structure functions /i, • • • , /e satisfy the identities 

d^'^^^^ ~^ d(f>> ^^'^^ ~^ hehbc + f2''^f3ebc — 0, 

j ^ J 2 £ jc ^ J 16 , f i f ec r ie r c n 

lb J2 + he Jbb — J2 jAeb — U, 

f jb J'i I f jc J'^ I f i cebc < c ie f be r\ 

P j dfibc] r jd dfsabc r df e , f f de _ n. 
—Jl[a r J2 T /4e[a /46c] + J3e[abhe] — U, 

f j^f^b] p j\c^f4:ab ^ . <■ r ecd i f \d f cle i f e f cd a 

— Jl[a J2 r J3eabj6 + J4e[a J5b] + /4a6 J5e — U, 

a f bed a f cd] 

-fl[a + U[ab^f3cd]e = 0. (41) 

This theory has a Courant algebroid structure. A Courant algebroid [17] is a vector 
bundle E ^ M with a nondegenerate symmetric bilinear form (• , •) on the bundle, a bilinear 
operation (a Dorfman bracket) o on V{E) (the space of sections on E), and a bundle map 
(called the anchor) p : E ^ TM satisfying the following properties: 

1) d O (62 O 63) = (ei O 62) O 63 + 62 o (ci O 63), 

2) p(eioe2) = [p(ei),p(e2)], 



3) ei o Fe2 = F(ei o 63) + (p(ei)F)e2, 

4) Ci O 62 = -"0(61 ,62), 

5) p(ei) (62 , 63) = (61 o 62 , 63) + (62 , 61 o 63) , (42) 
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where ei, 62, and 63 are sections of E; F is a function on M; P is a map from functions on 
M to r{E) and is defined by {VF , e) = p{e)F. 

If we take a local basis, Eq.(41) is equivalent to the relations of structure functions of a 
Courant algebroid on a vector bundle E®E* over M: Symmetric bilinear form (• , •) is defined 
from the natural pairing of E and E*. That is, {ta , eb) = (e" , e**) = and {ta , e^) — 5a if 
{ca} is a basis of sections of E* and {e"} is that of E. The bilinear form o and the anchor p 
are represented as follows: 

e"oe, = -/4fec'^(0)e^ + /5r(0)ee, 

P{ea) = -ha\4>)^,. (43) 
If we take E = TM and E* = T*M, and we set 

f j 7* 

j^j ~ '^31 

f^ij = -p^i, 

f u ^ u ^ u ^ ^^jk dQki dQij 

hijk - J iiijki + J jiikii + J kiiiji + + + 

f k _ _pklTT _ '-'•^ 3 I '-'^ t 

W = 0, (44) 

we can find that 3D nonlinear gauge theory (40) reduces to the (twisted) generalized complex 
sigma model (33), and (41) reduces to (35). 



5 Zucchini Model as a Boundary Action 

Zucchini has proposed a topological sigma model with a generalized complex structure on two 
dimensional worldsheet [20] . He has called the model the Hitchin sigma model. 
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First we assume H — 0. The Zucchini' s action is 

Sz= f Bud(l>' + Ip'^BuBij + lQijd(l)'d(l)^ + .r,Bud(j)\ (45) 

where E is a two dimensional world sheet and 0* and B\i are restricted on E. We consider 
this model as a boundary theory. That is, we consider a three dimensional world volume X 
such that E = dX^ and we regard the action (45) as 

Sz = l^d(^Bud(l)' + ^P'^BuBij + ^Qijd(l)'d(l)^ + J'jBiid(l>^^ 

= dBud<t>' + --^dcP'^BuB,, + P'^dBuB,, + --^dc^'dc^W 
8 P ■ 

+^d<t>''Bud4P + fjdBudctP. (46) 

We introduce a 1-form and a 2-from B2i such that A^ — dcf)'^ and B2i — —dBu. If we 
introduce two Lagrange multiplier fields, a 2-form Y^i and a 1-form Z*, we obtain an equivalent 
action 

Sz = f -B2iA' + -^A''BuB^.-P'^B2iBii + -^^A'A^A'' 
3 P 

+—^A^BuA^ - J%B2iA^ 

+{A' - dcf>')Y2i + {B2i + dB^^ZK (47) 
Moreover we redefine ¥21 and Z' as ^2'* = - B2i and Z'' = - A*. Then (47) is 

Sz — Sa-\- Szb] 

Sa= I -Yl,d(t>' + dBuZ" + Yi,A' + S2iZ'^ + S2^^^ 

Jx 



Szb — S 



-B2idcf>' + dBuA' - J'jB2iA^ - P''B2iB^j + l^A^A^A'^ 



2 d(t>' 

+ i + ^ A'A^B^k + -^A^B^.B^k. (48) 

coincides with (a partial derivative of) our generalized complex sigma model (29) and 
Sa are terms independent of a generalized complex structure. Therefore Szh and Sz are con- 
structed from the same generalized complex structure. We have found that three dimensional 
topological field theory equivalent to the Zucchini's model, which is derived from the same 
generalized complex structure. 
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We make similar discussion for a twisted generalized complex structure with H ^ 0. From 
(33), it is natural to consider the action 

St — Sa + STb] 

J X 

= 1^ -B2i#' + BudA' - fjB^iA' - P»B2iBij + i (j'iHju + A' A' A" 

Wc rewrite the action (49) by the procedure with the modification from (48) to (45). If we 
remove Y2i, Z\ and by means of the equations of motion, we obtain 

St = J^Bud<P' + ^P'^BuB,j + ^Qijd(l)'d(tri + fjBud(l^ 

+^ j\H^kid(t>'d(tPd(t>^ - P''HijiBikd(l)'d(l>^, (50) 

the second line in (50) is 'Wess-Zumino' terms, which is integration on X. However these 
'Wess-Zumino' terms are different from Zucchini's if-term. If we consider the following 3D 
action as the beginning 

SzH — Sa + SzHb'i 

Sa^ I -Y^id(l>' + dBiiZ" + Y^,A' + B2iZ" + B2iA\ 

Szm = --S2i<<0' + BudA' - fjB^iA' - P"B^,Bij + i ('j/yj + A' A' A" 

we obtain a boundary action 

SzH = Budcj)' + ^P'^BuB.j + ]^Qijd(j>'d(jP + fjBudctP 

+\ f Hijkd(f>Wd(l>\ (52) 

which coincides with Zucchini's proposal. 

The point is ^-transformation property of the action (45). The Zucchini's action (45) is 
not invariant under the ^-transformation 



Sz = Sz- kjd(j)'d(j)^, (53) 
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where the ^-transformation is defined as 

= 0\ 

Bu = Bu + h,d(t^. (54) 
The equivalent 3D action (48) also changes under the 6-transformation 

where 6-transformation is defined by (18), (37) and 

Z'' = Z'\ (56) 
however in (37), the 6-transformation of B2i is changed to 

B2i = B2i-d{bijA^), (57) 

because of consistency with equations of motion. 

Since H is closed, we can locally write by a 2-form g on M as 

Since there exists the ^^A^A^A'^ term in (55), the if-term can be absorbed to Q by a local 
6-transformation qij = hij in the action (51), and we obtain (48). In other words, the H term 
in (51) is consistent up to iJ-exact terms as a global theory, the theory is meaningful only as 
a cohomology class in H^{M). It describes gerbe gauge transformation dependence [20]. 
If we set Qij — J'^j = in (52), we obtain the WZ-Poisson sigma model 

Swzp = I Bud<P' + Ip'^BuB.j + 1 [ Hjkid(j)'d(j)'d(j)\ (59) 

and from (51), we obtain an equivalent 3D sigma model 

Swzp = Sa + Swzpb', 

Sa^ f -Y^,d(l)' + dBuZ'' + Y^,A' + B2iZ" + B2iA\ 

Swzpb = I -B2idct>' + dBuA' - P''B2^B,j + \H,jkA'A^A'' 
Idpjk . 

+ AB,jB,k, (60) 
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6 Conclusions and Discussion 



We have constructed a three-dimensional topological sigma model based on a (twisted) gen- 
eralized complex structure on a target generalized complex manifold. The theory is invariant 
under the diffeomorphism on the world volume, the 6-transformation on the (twisted) gener- 
alized complex structure and the mirror symmetries in a generalized complex geometry. 

We derive the Zucchini's two dimensional topological sigma model with a generalized com- 
plex structure as a boundary action of our three dimensional action plus terms independent 
of a generalized complex structure. In case of a twisted generalized complex structure, the H 
term in the Zucchini action is different from our proposal, however the 'Wess-Zumino' terms in 
the Zucchini action can be generated locally by the 6-transformation because Zucchini action 
has a gerbc gauge transformation dependence. 

This model will be useful to investigate mirror symmetry. We have analyzed only a 
classical theory in this paper. It is important to investigate a quantum theory. There exist 
several topological and non topological string theories with a generalized complex structure 
other than the Zucchini's model. Relations to other known theories based on a generalized 
complex structure will be interesting. 
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